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Abstract. The model checking of counters systems often reduces to the
effective computation of the set of predecessors Pre*(X") of a Presburger-
definable set X'. Because there often exists an integer k > 0 such that
PreS*(X') = Pre*(X') we will first look for an efficient algorithm to
compute the set Pre(X) in function of X. In general, such a computation
is exponential in the size of X. In [BB03], the computation is proved to
be polynomial for a restrictive class of counters systems. In this article
we show that for any counters systems, the computation is polynomial.
Then we show that the computation of Pre<*(X') is polynomial in k
(and exponential in the dimension m) for effective counters systems with
interval-definable sets.

1 Introduction.

Model checking infinite-state transition systems often reduces to the effective
computation of the potentially infinite set of predecessors Pre*. More precisely,
the safety model checking can be expressed as the following problem.

Given as inputs: an infinite-state transition system, a set Sy of initial states,
and a set Sp.q of non-safe states;
the question is Sy N Pre*(Spaq) =0 7

To succeed in computing the limit Pre*(Spqq) of the infinite non-decreasing
sequence (Pre<%(Sy.q))i, we need three properties:

— The convergence of the sequence 3k; Pre*(Spaq) = Pregk(Sbad), and
— An efficient algorithm for computing Pre(X) from X,
— An efficient algorithm for computing (Pre>*(X)) from X,

The convergence of (Pregi(Sbad))i with Sp.q an upward closed is insured
for Well Structured Transition Systems (WSTS) [FSO01], but even for simple
WSTS (for instance, lossy channel systems), the index k such that Pre*(Spuq) =
Pre=*(Syqq) may be very large [Sch02]. However, even if the convergence is
not guaranteed by the theory (for instance when the set of initial states is not
upward-closed), in practice we observe that often, the sequence (Pre=(S)); con-
verge [Del00] [BB03] and it often converges quickly ([Bra] [Bab]). This explains



that we will focus our attention on the second problem, to obtain an efficient
algorithm for computing Pre(X) from X and then, on the third problem for
efficiently computing (Pre=?(X)). We would like to understand what are the
conditions insuring an efficient computation of the sequence (PreS*(Sp.q)); and
then, may be, to better understand the good performances of some recent tools:
BRAIN, BABYLON.

We first have to fix the model of our infinite-state transition systems, the
type of infinite sets and the way to represent these sets.

Infinite-state transition systems. We will focus on programs with integer
variables and more precisely on counters systems in which a transition is defined
by a Presburger function relating the values of the counters before and after
the transition is fired. This model is very general (our model restricts neither
the number of counters nor the upward closed guards [FMP99]) and powerful
([FLO2], [Ler03a]) so the price to pay is the undecidability of reachability prop-
erties. Generally, the transition relation will be effectively given by a saturated
digit automaton [Ler03a].

Representations of Presburger-definable sets. In order to effectively com-
pute Pre(X'), one generally needs to find a class of infinite sets which has the
following properties: (1) closure under union, (2) closure under Pre, (3) mem-
bership and inclusion are decidable with a good complexity, and (4) there exists
a canonical representation.

Semi-linear basis/periods and Presburger formulas are not canonical repre-
sentations of Presburger-definable sets (which are also semi-linear sets). Recall
that Number Decision Diagrams (NDD) ([Boi98], [WB00], [BC96]), provide a
m-digit by m-digit representation of vectors in N whereas Saturated Digit Au-
tomata (SDA) use a digit-by-digit representation of vectors in N™. We prove
that NDD and SDA have the same expressiveness but the theory of SDA enjoys
an useful characterization of the minimal SDA associated with a set X.

Our computation problems. Now we may precise the input of our two com-
putation problems.

1. The first problem is to compute Preg(X’):
Input: a counters system S and a saturated digit automaton A’ that repre-
sents a set X' C N™,
Question: Can we compute in polynomial time in the size of A’ a saturated
digit automaton A representing X = Preg(X') ?

2. The second problem is to compute the k' element Pre%k(X ):
Input: a counters system S, a saturated digit automaton A’ that represents
a set X' C N™ and an integer k.
Question: Can we compute in polynomial time in k, a saturated digit au-
tomaton A representing X = Pregk(X’) ?

Related works.



We use the approach called the reqular model checking: for channel systems,
Semi-Linear Regular Expressions [FPS00] and Constrained Queue-content De-
cision Diagrams [BH99] have been proposed; for lossy channel systems [ABJ98],
the tools Lcs (in the more general tool TREX [ABS01] [Tre]) uses the downward-
closed regular languages and the corresponding subset of Simple Regular Expres-
sions for sets and it represents them by finite automata to compute Post*; for
stack automata, regular expressions or finite automata are sufficient to repre-
sent Pre* and Post™ [BEFT00]; for Petri nets and parameterized rings, [FO97]
uses regular languages and Presburger arithmetics (and acceleration) for sets.
For Transfer and Reset Petri nets [DFS98], the tool BABYLON [Bab] utilizes the
upward closed sets and represents them by Covering Sharing Trees [DRV01], a
variant of BDD; for counters automata, the tool BRAIN [Bra] uses linear sets
and represent them by their linear bases and periods; for extended counters
automata, the tools FAST [Fas|, [FL02], [BFLPO03] and LAsSH [Las| utilize semi-
linear sets and represents them by NDD, moreover, these two tools are able
to accelerate loops [Boi] [FL02]; MONA [Mon] [KMS02] and FMonNA [BF00] use
formula in WSIS to represent sets; the tool CSL-ALV [BGP97] [Alv] uses linear
arithmetic constraints for sets and manipulates formula with the OMEGA solver
and the automata library of LASH.

In [BB03], the computation of Preg(X") is proved to be polynomial for a complex
subclass of counters systems.
Our results.

1. We introduce SDA as a canonical representation of set of vectors of integers.
Even if SDA have the same expression power than NDD, there exists an
elegant theoretical characterization of the minimal SDA associated with a
set X which is useful for computing the size of the minimal SDA.

2. We show that for counters systems S, the set of immediate predecessors
Preg(X') is computable in polynomial time in the size of the SDA that
represents X'. This result generalizes a recent result of [BB03].

3. We characterize the affine functions whose the inverse image of any interval-
definable set remains interval-definable. Then we prove that the asymptotic
size of the minimal SDA that represents Pregk(X’) is polynomial in k£ and
exponential in m.

Plan of the paper. Saturated Digit Automata are introduced in section 3 and
compared with NDD. In the next section 4, we define counters systems and
prove that the computation of Pre(X’) is polynomial in X'. In the last section
5, the asymptotic size of the minimal SDA representing PreEk(X ") is proved to
be polynomial in k.

2 Preliminaries

The cardinal of a finite set X is written card(X).
The set of rationals, integers and positive integers are respectively written Q,
Z and N. The set of vectors with m components in a set X is written X"™. The



i-th component of a vector z € X™ is written z; € X; we have z = (z1,...,Z5).
For any vector v,v' € Q™ and for any ¢t € QQ, we define t.v and v + v’ in Q™ by
(tw); = tw; and (v +v'); = v; +v;. The vector e; € N is defined as (e;); =1
it j =i and (e;); = 0 otherwise.

The set of square matrices of size m in Q is written M,,(Q). A function
f:D — N™ with D C N™ is affine if there exists a square matrix M € M,,(Q)
and a vector v € Q™ such that f(x) = M.x + v for every x € D. Remark
that rational matrices are needed for representing some affine functions like
f:2.N = N defined by f(z) = §.

The set of words over a finite alphabet X' is written X*. The concatenation
of two words o and ¢’ in X* is written oo’. The empty word in X'* is written e.

A finite automaton A is a tuple A = (Q, X, A, Qo, F); @ is the finite set of
states, X is the finite alphabet, A C () x X x () is the transition relation, Q¢ C @
is the set of initial states and F' C @ is the set of final states. The size of a finite
automaton A is |A| = card(Q). A finite automaton A is said deterministic if
the set Qo is reduced to one element Qo = {go} and if there exists a function ¢
defined over a subset of ) x X' into @ such that A = {(¢,0(q,a)); ¢ € Q; a € X}.
A deterministic automaton is said complete if the function § is defined over
the whole set Q x Y. A path P in a finite automaton A from a state ¢ to a
state ¢' is a finite sequence ¢ = qo, (g0, a1,G1), 41, - - - » (qn=1, An, ), ¢ = q' With
n > 0 such that (g;—1,ai,q;) is a transition in A. The label of P is the word
o =aj...a, € X*. Such a path is also written ¢ = ¢'. The state ¢’ is said
reachable from g and g is said co-reachable from ¢'. The language accepted by a
finite automaton A is L(A) = {0 € £*; g0 € Qo; Jqy € F; g0 = q1}-

Let us recall the two considered logics:

— The Presburger logic ([Ber77]) is built with the following formulas:

¢ = Z ¢i-v; = c|Fv P|Vu Plo V d|d A p|g|truel false
iel
where (¢;)icr is a finite sequence of N, ¢ € N and (v;);er, v are in a finite set
V' of variables.
— The interval logic ([Str98] (a.k.a simple constraint [AABO0O]) is defined by
the following formulas:

¢ =v; =c|dV o N p|-dltrue| false
A set X C N™ is said Presburger-definable (resp. interval-definable) if it can

be defined by a Presburger formula (resp. by a formula in the interval logic).

3 Saturated Digit Automata

Recall that there exist two natural ways in order to associate to a word o a
vector in N following that the first letter of o is considered as an “high bit” or
a “low bit”. In this article, we consider the “low bit” representation (even if the



other one, just seems to be symmetrical, results proved in the paper cannot be
easily extended to the other one).

Let us consider an integer r > 2 called the basis of decomposition and an
integer m > 1 called the dimension of the represented vectors. A digit b is an
element of the finite alphabet X, = {0,...,r — 1}. In general ([Boi98] [WB00],
[BCI6]), a vector in N™ is only associated to words of digits whose the length
is multiple of m. However, as shown in this article, an extension to any word of
any length can be useful.

Like in [Ler03a,Ler03b], function v, : N™ — N™ is defined by the induction
Yo.or = Yo 0 Y5 and (@1, ..., Tm)) = (r-&m + b,x1,...,Tm—1) for any digit b.
Let us remark that if m divides the length of ¢ = (b11...b1,m) --- (b1 - -bnm),
then the following equality holds:

70((0, ceey 0)) = Z Ti_l(bi71, ey bz,m)
i=1

Naturally, the vector pp, (o) = 15((0,...,0)) is called the vector associated to o.
Thanks to the function p,, : X} — N™, we can now define the Saturated Digit
Automata and the Number Decision Diagrams.

Definition 1. A Saturated Digit Automaton (SDA) A that represents a set
X C N" s a deterministic and complete automaton over X, such that L(A) =
prl(X). Such a set X is called SDA-definable.

Definition 2. A Number Decision Diagram (NDD) A (/Boi98] [WB00]) that
represents a set X C N™ is a deterministic and complete automaton over X,
such that L(A) = p,1(X) N (Xm)*.

Remark 1. NDD also allow to represent vectors in Z™ with “high” or “low” bit
first representation. Whereas the results proved in this article can be extended
to Z™, an extension to “high” bit first representation seems difficult.

The following proposition shows that SDA and NDD represent the same sets
of N™.

Proposition 1. — From any NDD A, we can effectively compute in time O(r.|A|)
a SDA A’ that represents the same subset, such that |A'| < |A|.
— From any SDA A, we can effectively compute in time O(r.m.|A|) an NDD
A’ that represents the same subset, such that |A'| < m.|A]

Proof. (Sketch). Let us consider a NDD A that represents a set X. By replacing

the set of final states F' of A by the set F' = {g € Q; Jqy € F; ¢ o, qr}, we
deduce a SDA A’ that represents X.

Now, let us consider a SDA A that represents a set X. As L(A) = p~1(X), the
“synchronized product” of A and the automaton with m states that recognizes
the language (X7™)* provides a NDD A’ that also represents X.

Remark 2. As any Presburger-definable set can be effectively represented by a
NDD [WBO00], the same result holds for SDA.



We have introduced the class of SDA rather than using the NDD because
the minimal SDA that represents a set X is given by the “residues” of X.

Definition 3. The set 071.X = v, 1(X) is called the residue of X C N™ by
oe X

From 7,, 4o = Yo, © Voo, we deduce the equality o, *.0; . X = (01.09)" 1. X
that enables us to give the following definition.

Definition 4. Let X C N™ be such that its set of residues Q(X) = {oc1.X; 0 €
X} is finite. The deterministic and complete automaton A(X) is defined by:

A(X) = (Q(X), X, 6,90, F)
8(g,b) =b"'g

g =X

F={qeQ(X); (0,...,0) € ¢}

Lemma 1. For any X CN™ and 0 € X*, we have o~ t.p 1 (X) = p (o 71.X).
Proof. We have w € 0~ L.p71(X) iff o.w € p~ 1 (X)) iff p(o.w) € X iff v, (p(w)) €
X iff p(w) etz if we p (o t.X). O

The following theorem is really important because it proves that the structure
of the minimal SDA that represents a set X can be obtained just by studying
the set of residues of X.

Theorem 1. A set X C N™ is SDA-definable if and only if its set of residues is
finite. Moreover, in this case, A(X) is the unique minimal SDA that represents
X.

Proof. Assume that Q(X) is a finite set. We are going to show that A(X)
is a SDA that represents X by proving that L(A(X)) = p~1(X). We have
o € L(A(X)) iff (0,...,0) € 071X = ~;1(X). Therefore 0 € L(A(X)) iff
p(o) = 7,((0,...,0)) € X. Hence, we have proved that L(A(X)) = p 1 (X). In
particular p(L(A(X))) = X and p~(p(L(A(X)))) = L(A(X)). We have proved
that A(X) is a SDA that represents X.

Now, assume that X is SDA-definable and let us prove that Q(X) is finite.
The language L = p~!(X) is regular. As the minimal deterministic and complete
automaton that recognizes £ is unique, there exists a unique minimal SDA that
represents X. Recall that the set of states of this minimal automaton is given
by {o71.L}. From lemma 1, we deduce that Q(X) = {p(c~1.L)}. Therefore,
Q(X) is finite and by uniqueness of the minimal automaton, A(X) is the unique
minimal SDA that represents X. O

Remark 3. Find a theorem equivalent to the previous one for the class of NDD
seems difficult.



4 Polynomial time computation of Preg(X’)

For counters systems S, the computation of the set of immediate predecessors
Preg(X’) for the SDA representation, is proved to be polynomial in time.

Definition 5. A saturated digit automaton A represents a function f : N™ —
N™ if it represents the following set of N*™ :

{(@, 2}, ... xm,xl); (2, ...,2),) = f((w1,...,2m))}

Naturally, a function f is said SDA-definable if there exists a saturated digit
automaton that represents f.

Remark 4. The previous definition can be extended to binary relation.

Definition 6. A counters system S is a tuple S = (N, X (fo)ucy) where X' is
a finite set of actions and f, : N™ — N 4s a SDA-definable function.

Remark 5. In practice, the function f, is given by Presburger formula. However,
remark 2 shows that any Presburger definable set is SDA-definable.

The set of immediate predecessors of X’ C N™ is naturally defined by Preg(X') =
Uses fo H(X).

Remark 6. Any counter automaton can be “simulated” by a counter system just
by added another counter bounded by the number of control states.

The size |S| of an effective counters system S represented by a sequence of
SDA (Ag)qex is |S| = ZaeE |‘Aa|'

Theorem 2. Let g : N — N™ and X' C N™ be represented respectively by the
SDA A’ and by the SDA A'. The set g~'(X') can be effectively represented by
a SDA in time O(r.(JA'| + 1)I4°]).

Proof. Let us denote by @ the set of states ¢ € Q7 such that there does
not exist a path from ¢ to a final state. Symmetrically, we define @’ . Let
K = (Q7 xQ"HU(Q?x Q' ). We are going to prove that the following automaton
A=(Q,%,,0,{q}, F) is a SDA that represents g~ (X):

Q=PQ x QI
6(qab) = {(5'(q',b'),69(q9,bb’)); (q’,qg) €q; b e Er}\K
g0 = {(90, 7))\ K
F={q €Q; g€ Q qn(F' x F) £0; g5 = qr}
Let us prove that the number of reachable states of A is bounded by (|Q’|+1)I¢°l.

Let g be a reachable state of A and let us prove that for any (qi,¢?) and (g}, ¢9)
in ¢, we have ¢; = ¢5. There exists a sequence by,...,b, in X, such that ¢ =



6(qo, b1 ... by). By definition of A, there exists two sequences b} ,...b;, ; and
b’172, e b;w in X, such that

¢¢ = 0%(qg, byby .- bnbi )
q? = 69(q5, b1by 5 . - Db, )
0= 8(dh, by - b, )
dh = 8/ (dh, by b, )

As (¢%,¢q;) is not in K, we have ¢, ¢ QY. So, there exists a word 0 € X
and a final state q? € F9 such that ¢¢ 5 q? is an accepting path in AY. As
A9 is a SDA, by replacing o by 0.0, we can assume that |o| is even. We have
0 = bpy1by, ;... beb), where b;,b; € X,.. Let x7 x5 and x be the vectors in N™
defined by:

2y = pm(by g - b by - DY)
zy = pm (bl g - obluyy - - b))
r = Pm(bl . bk)

As blb’L1 . bnb,,rb71bn+]_b,,rb+1 ... byb}, and blb’L2 . bnb{n72bn+1b{n+1 ... bybj, are two
accepted words in L(AY), we have 27 = g(z) = x5. As by ...0, 1004 b
and by 5 ...0), 4by, ;) ... b} are two words with the same length that represent the
same vector ) = xy, we have by ;... 0, b, .. 0 = 0] 5.0, 50 .. D) In
particular, we have proved that ¢; = 6'(qg, by 1 -- -0, 1) = 6"(qg, 01 5 - - - b}, 2) = G5
Therefore, the number of reachable states of A is bounded by (|Q'| + 1)I9°1.
Now, let us prove that L(A) C p,t(¢7(X)). Consider an accepting path

¢ = gy in A. There exists a path gy o, q such that ¢ N (F' x F9) # (. Let us
decompose the word w.0? as a sequence of digits w.0? = by ....b,. There exists
a word b ...b), such that b1b} ...b,b], € L(AY) and such that b} ...b), € L(A').
Let © = py(by ... by) and &' = py, () ... b)), Remark that po (010 .. .bxbl) =
(x1,2%,...,%m,z,,). Therefore 2’ = g(z). Moreover, from b} ...b!, € L(A"), we
deduce z' € X'. So z € g H(X). As pp(w) = pi(w.0") = py(by ... b,), we have
proved w € p;1(g71(X)).

Finally, let us prove that p,'(g~1(X)) C L(A). Consider w € p~t(g~1(X"))
and let x = p,(w) and @' = g(x). There exists a word o € L(AY) such that
pa.m(0) = (x1, 2, ..., T, x))). As A9 is a SDA, we can replace o by 0.0 for any
J > 0.In particular, |o| can be assumed even and greater than 2.|w|. Let us write
o = bib] ...bpb!, such that b;,b; € X, and remark that © = p;, (b1 ...by) and

(2
z' = p, (b ...0)). Hence qo LI ¢ is apath in A such that gN(F'x F9) # (. As
pm (b1 ... by) = pp(w) and |w| < n, there exists i > 0 such that b ...b, = w.0%.
By definition of F', we have w € L(A). a

Corollary 1. Let S be a counters system. The minimal SDA A(Pregs(X')) is
computable in polynomial time in function of A(X').

Proof. Just remark that Pres(X') = [J,cy fo ' (X'). By using an Hopcroft al-
gorithm [HopT71], we can compute the minimal SDA A(Preg(X’)) from a SDA
A that represents Preg(X') in time O(JA|. In(]A])). o



The previous corollary shows that A(Pres(X')) can be computed in polyno-
mial time in the size of A(X") for counters system S. Remark that the complexity
is also exponential in |S|. However, in the computation of Pregk(X "), the size
|S| does not depend on k. Moreover, in practice, the size of S is small compared
to the size of A(X").

Remark 7. In the case of the computation of the immediate successors Postgs(X) =
Useyr fa(X), the number of states of A(Posts(X)) can be exponential in the
number of states of A(X). This exponential blow up provides from the fact that
f(X) correspond to a “projection” for the function f : N™ — N™ defined by
f(mla s 7mm) = (0a$27 s 7mm) ([Ler03b])

5 Asymptotic size of Press,k(X')

The polynomial time computation of Preg(X') is a first step to be able to ef-
ficiently compute the set of predecessors in k steps. If each step multiplies the
size of the SDA by 2, after k steps, the size of the SDA that represents the set
of predecessors is greater than 2¥. In this section, we give sufficient conditions
such that this exponential blow up cannot appear.

Definition 7. A counters system S is affine if for any a € X, there exists an
affine function f, : D, — N™, D, CN™  such that zR.x' iff z' = f.(x).

Precisely, we show that if D, and X' are definable in the interval logic (al-
most all the counters systems studied in practice, satisfy this condition [Str98],
[Del00], [BB02], [FS01], [FLO2]), the asymptotic size in k of A(Pregk(X’)) is
polynomial in k.

The size of A(X) is first bounded in the granularity of the set X defined as
bellow.

Definition 8. The granularity of an interval-definable set X is the least integer
gran(X) > 0, such that X is the set of vectors accepted by a formula in the
interval logic with ¢ < gran(X):

¢ =v; =clpV ol A p|-dltrue|false
Proposition 2. For any interval-definable set X, we have:
A(X)] < (rgran(X))™ + 2"

Proof. Recall that the size of the SDA A(X) is equal to the number of elements
in {7,1(X); 0 € Z*}. We first prove that for any word o € (X™)* and for any
interval-definable set X such that r/?l/™ > gran(X), the granularity of v;!(X)
is bounded by 1. Next, we show that there exists at most 23 interval-definable
sets whose the granularity is bounded by 1. Finally, from these two results, we
prove the proposition.



So, let us first consider o € (X7*)* and an interval-definable set X such
that rl7l/™ > gran(X) and let us prove that gran(y, (X)) < 1. Remark that if
gran(X) = 0 then X = N or X = (). As in these two cases, we have |[A(X)| =1,
we can assume that gran(X) > 1. From v;1(X NY) = v 4X) Ny H(Y),
v H(N™\ X) = N™\ v 1(X), we can assume that there exists i € {1,...,m} such
that X = {z € N"; x; = gran(X)—1}. We have 7, 1(X) = {z € N"; (7,(z)); =
gran(X) — 1} = {x € N*; z; = ¢} where ¢ = &nfﬂ‘;}%ﬂ < 1. Remark that
if ¢ ¢ N then 7,1(X) = 0 and if ¢ € N then ¢ = 0. In these two cases, we have
proved that gran(vy,!(X)) < 1.

Next, let us prove that there exists at most 23" interval-definable sets X
such that gran(X) < 1. Remark that such a set is a finite union of sets defined
by a formula of the form A;;(z; = 0) \V; cp (wsr # 0) where I,I' C {1,...,m}
and I NI' = ). So, there exists at most 2°" interval-definable sets whose the
granularity is bounded by 1.

Finally, let X be an interval-definable set such that gran(X) > 1 and consider
k > 0 such that r* > gran(X) > r*=!. The number of states of A(X) is bounded

by STt pi 493" < (rgran(X))™ + 287 O

Next, we characterize the affine function f such that the inverse image of an
interval-definable set remains interval-definable.

Definition 9. Let X be a subset of N, n >0 and I C {1,...,m}, the set X1,
is defined by:

Xin={rveX;Viel,z;=n; Vi¢g I, z; <n}

Proposition 3. For any interval-definable set X and for any n > gran(X), we

have:
X = U Xrn+ Z N.e;

IC{1,m} i€l

Proof. Let us consider a formula ¢ in the logic ¢ := v; = c|pVP|PpAP|~d|true|false
such that ¢ < gran(X) and such that the set of vectors satisfying ¢ is equal to
X. By developing ¢, we can assume that ¢ is a finite disjunction of formula of
the form /\jEJ;é (vj # ¢j) Njes_(vj = ¢j) where Jx N J= = and ¢; < gran(X).
Remark that we can assume that ¢ = /\jEJ;é (vj # ¢j) N\jes_(vj = ¢j) to prove
the proposition.

Let x € X and let us prove that = € Ulg{1,...,m} Xrn+ 2 ey Nej. Let us
consider the set I = {i € {1,...,m}; z; > n}. As for any j € J=, we have
zj = ¢; < gran(X), we deduce I C {1,...,m}\J=. Let us consider the vector
y € N™ defined by y; = n if i € I and y; = x; otherwise. As x satisfies ¢,
the vector y also satisfies ¢. Therefore y € X7 ,,. From z € y + 3, N.e;, we
deduce the inclusion X' C U ey oy X1n+22;c; No€;. Let us prove the converse
inclusion. Let # € Uy, X1n + 25 Noeg. There exists I C {1,...,m}
such that z € X7, + ) ;c;Ne;. Let y € X7, such that o € y + 2, Ne;.
Asy € X;, C X, y satisfies ¢. As for any ¢ € I, we have y; = n, we have



I c{1,...,m}\J=. From = € y + ) ,.;Ne;, we deduce that x satisfies ¢.
Therefore z € X. O

Proposition 4. Let f : D — N™ with D C N™ be an affine function. The two
following assertions are equivalent:

— D is interval-definable.
— For any interval-definable set X', f=1(X') is interval-definable.

Moreover, in this case, we have gran(f1(X")) < gran(X') + gran(D).

Proof. Remark that if f=1(X') is interval-definable for any interval-definable
set X', then in particular, as N is interval-definable, the definition domain
D = f~Y(N™) is also interval-definable. So let us consider an affine function
f D — N™ such that D C N™ is interval-definable and let X' be an interval-
definable set. We first prove that we can assume that gran(X’) > 1. In fact, if
gran(X') = 0, then X' = 0 or X' = N™. In the first case, we have f~!(X') =0
and the set f~1(X') is an interval-definable set such that gran(f=!(X')) =
0 < gran(X') + gran(D) and in the second case, we have f~1(X') = D and
the set f~1(X') is interval-definable and verify gran(f '(X')) = gran(D) <
gran(X') + gran(D). So, we can assume that gran(X') > 1.

As f is an affine function, there exists a square matrix M € M,,,(Q) and a
vector v € Q™ such that f(z) = M.z 4+ v for any € D. Proposition 3 shows
that the sets X' and D can be decomposed as follow where Dy = Dj o (p) and

X} = X;7gran(X’):
D= |J Ds+)>_ Ne;
JCA1,...,m} jeJ
X'= |J Xi+) Ne;
IC{1,...,m} i€l
We have:
F7Hx)
= U {ZUEDJ+ZN.ej; f(z) e X'}
JC{1,...,m} jeJ
= U U d+{zed Nej f(d+MzeX'}
JCA{1,....m}deD; JjeJS
= U | d+{zed Nej f(d+Mzea' +> Ne;}
JC{l,...,m} de D, ieJ iel

IC{L,...,m} 2’ € X}

Let us consider a subset J such that D  is not empty. In this case let us consider
d € Dy and remark that for every j € J, we have d + N.e; C D. Therefore
f(d) + N.M.e; C N™. So, for every j € J and for every i € {1,...,m} we have



Now, let us consider a subset I such that X} is not empty and consider
z' € Xj. Remark that we have just to prove that the following set is interval-
definable and has a granularity bounded by gran(X’):

{red Nej; f(d)+ Mz ea'+> Ne;}

JjEJ i€l
ﬂ{az € ZN.ej; fld); + ZMij.a:j =z}
_ ¢l jeJ JjeJ
m m {IG ZN.ej; f(d)z‘l'ZMmI] ;écz}
i€l c;€{0,...,z; -1} jed jed

Remark that for every i ¢ I, we have z} — f(d); < gran(X') and for any i € I and
for any ¢; € {0, ..., 2z} — 1}, we have ¢; — f(d); < z} = gran(X"). Let us consider
the sequence (aj)jecq1,...m) in N defined by a; = M;; if j € J and a; = 0
otherwise. We have just to prove that for every k < gran(X') the following set
is interval-definable and has a granularity bounded by gran(X'):

{xGZN_ej; Zaj,xj:k}: ZN.ej ﬂ{l‘ENm; iaj.xj:k}

JjeJ JjeJ JjeJ j=1

The granularity of the set } ., ;Ne; is bounded by 1 and as gran(X') > 1,
we have just to prove that for any sequence (aj)jeq1,....m} in N and for any
k < gran(X'), the following set has a granularity bounded by gran(X’):

{x e N"; Zaj.:nj =k}

Jj=1

Let us consider the set J' = {j € {l,...,m}; a; > 1} and let ¥ = {y €
N™; Vi & Jy; = 0; Z;n:l a;.y; = k}. Remark that for any y € Y and for
any i € {1,...,m}, we have y; < k. Therefore Y is finite. Moreover, from
{z e N™; 30 ajaj =k} =Y + 3., Nej, we are done. O

We can now bound the asymptotic size of A(Pre%k(X ")) in function of k.

Theorem 3. Let S be an affine counters system with interval-definable defini-
tion domains and let X' be an interval-definable set. The asymptotic size in k
of Pres*(X') is in O(E™).

Proof. Let cs = max,ey gran(D,). From proposition 4, we deduce that for an
interval-definable set X', the set Preg(X") is interval-definable and gran(Preg(X')) <
gran(X')+cg. Therefore gran(Pregk(X’)) < ¢ +k.cs where ¢’ = gran(X'). From
the proposition 2, we deduce [A(Preg®(X"))| < (r.(¢ + cs.k))™ +23™. 0
Corollary 2. Let S be an affine counters system with interval-definable defini-

tion domains and X' be an interval-definable set. We can compute in polynomial
time in k the minimal SDA A(Pregk(X’)).



Remark 8. When the sets D, and X' are upward closed (an upward closed set
X is a subset of N™ such that X + N™ = X)), the sequence Pre§k(X ") converges
as any increasing sequence of upward closed sets.

Remark 9. The bound O(k™) follows directly from proposition 2. In the proof
of these proposition, we have assumed that no sharing appears in the SDA
representing an interval-definable set. However, in practice, SDA are like BDD
and the asymptotic size of A(Preg” (X")) is in O(m.In(k)) rather than O(k™).

When the sets D, and X' are just Presburger-definable, the following propo-
sition 5 shows that the asymptotic size in k of A(Pre5” (X')) may be exponential.

Proposition 5. Let S = (N?,{a}, (f.)) where fo(x1,22) = (r.x1,x2) over D, =
N2, and let X' = {(},25) € N?; xf = xb}. For any integer k > 0, we have:

(A (Preg® (X)) > r*

Proof. Let X; be the subset of N™ defined for any i > 0 by X; = {(z,r".2); = €
N}. We have Pregk(X’) = Uf:o X;. Assume by contradiction that there exists a
SDA A = (Q, X}, 6,{qo}, F) that represents Pregk(X’) and such that card(Q) <
r*=1. Let us consider the finite language & = (00 + --- + (r — 1)0)*~110. For
any word o € L, we have 6(qo,0) € Q. As card(Q) < r*~! = card(L), there
exist two words o # ¢’ in L such that 6(qo,0) = 6(qo,0”). Let y,y’' € N such
that p2(c) = (y,0) and pa(c’) = (y',0). We have y,y' € {rF=1 ... rkF —1}.
Let us consider a word w € X% such that pa(w) = (0,y). From p2(c.w) =
p2(0) + 1% pa(w) = (y,7*.y), we deduce that ps(o.w) € Xj. As A is a SDA that
represents Uf:o X, we have proved that o.w € L(A). From §(qo,0) = §(qo,0'),
we deduce that o'.w € L(A). Therefore (y',r*.y) = pa(c’.w) € Uf—o X;. There
exists i € {0,...,k} such that (y',7*.y) € X;. We have r*.y = ri.y’. From
y > rk=1 and y' < r*, we deduce i > k — 1. Hence i = k and we have proved
that y = y’. As o and ¢’ have the same length and as p2(c) = p2(c'), we have
o = o'. We have a contradiction. O
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