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Abstract. The model checking of counters systems often reduces to the
e�ective computation of the set of predecessors Pre�(X 0) of a Presburger-
de�nable set X 0. Because there often exists an integer k � 0 such that
Pre�k(X 0) = Pre�(X 0) we will �rst look for an eÆcient algorithm to
compute the set Pre(X) in function of X. In general, such a computation
is exponential in the size of X. In [BB03], the computation is proved to
be polynomial for a restrictive class of counters systems. In this article
we show that for any counters systems, the computation is polynomial.
Then we show that the computation of Pre�k(X 0) is polynomial in k
(and exponential in the dimensionm) for e�ective counters systems with
interval-de�nable sets.

1 Introduction.

Model checking in�nite-state transition systems often reduces to the e�ective
computation of the potentially in�nite set of predecessors Pre�. More precisely,
the safety model checking can be expressed as the following problem.

Given as inputs: an in�nite-state transition system, a set S0 of initial states,
and a set Sbad of non-safe states;
the question is S0 \ Pre�(Sbad) = ; ?

To succeed in computing the limit Pre�(Sbad) of the in�nite non-decreasing
sequence (Pre�i(Sbad))i, we need three properties:

{ The convergence of the sequence 9k; Pre�(Sbad) = Pre�k(Sbad), and
{ An eÆcient algorithm for computing Pre(X) from X ,
{ An eÆcient algorithm for computing (Pre�i(X)) from X ,

The convergence of (Pre�i(Sbad))i with Sbad an upward closed is insured
for Well Structured Transition Systems (WSTS) [FS01], but even for simple
WSTS (for instance, lossy channel systems), the index k such that Pre�(Sbad) =
Pre�k(Sbad) may be very large [Sch02]. However, even if the convergence is
not guaranteed by the theory (for instance when the set of initial states is not
upward-closed), in practice we observe that often, the sequence (Pre�i(S0))i con-
verge [Del00] [BB03] and it often converges quickly ([Bra] [Bab]). This explains



that we will focus our attention on the second problem, to obtain an eÆcient
algorithm for computing Pre(X) from X and then, on the third problem for
eÆciently computing (Pre�i(X)). We would like to understand what are the
conditions insuring an eÆcient computation of the sequence (Pre�i(Sbad))i and
then, may be, to better understand the good performances of some recent tools:
Brain, Babylon.

We �rst have to �x the model of our in�nite-state transition systems, the
type of in�nite sets and the way to represent these sets.

In�nite-state transition systems. We will focus on programs with integer
variables and more precisely on counters systems in which a transition is de�ned
by a Presburger function relating the values of the counters before and after
the transition is �red. This model is very general (our model restricts neither
the number of counters nor the upward closed guards [FMP99]) and powerful
([FL02], [Ler03a]) so the price to pay is the undecidability of reachability prop-
erties. Generally, the transition relation will be e�ectively given by a saturated
digit automaton [Ler03a].

Representations of Presburger-de�nable sets. In order to e�ectively com-
pute Pre(X 0), one generally needs to �nd a class of in�nite sets which has the
following properties: (1) closure under union, (2) closure under Pre, (3) mem-
bership and inclusion are decidable with a good complexity, and (4) there exists
a canonical representation.

Semi-linear basis/periods and Presburger formulas are not canonical repre-
sentations of Presburger-de�nable sets (which are also semi-linear sets). Recall
that Number Decision Diagrams (NDD) ([Boi98], [WB00], [BC96]), provide a
m-digit by m-digit representation of vectors in Nm whereas Saturated Digit Au-
tomata (SDA) use a digit-by-digit representation of vectors in Nm . We prove
that NDD and SDA have the same expressiveness but the theory of SDA enjoys
an useful characterization of the minimal SDA associated with a set X .

Our computation problems. Now we may precise the input of our two com-
putation problems.

1. The �rst problem is to compute PreS(X
0):

Input: a counters system S and a saturated digit automaton A0 that repre-
sents a set X 0 � Nm .
Question: Can we compute in polynomial time in the size of A0, a saturated
digit automaton A representing X = PreS(X

0) ?

2. The second problem is to compute the kth element Pre�kS (X):
Input: a counters system S, a saturated digit automaton A0 that represents
a set X 0 � Nm and an integer k.
Question: Can we compute in polynomial time in k, a saturated digit au-
tomaton A representing X = Pre�kS (X 0) ?

Related works.



We use the approach called the regular model checking : for channel systems,
Semi-Linear Regular Expressions [FPS00] and Constrained Queue-content De-
cision Diagrams [BH99] have been proposed; for lossy channel systems [ABJ98],
the tools Lcs (in the more general tool TreX [ABS01] [Tre]) uses the downward-
closed regular languages and the corresponding subset of Simple Regular Expres-
sions for sets and it represents them by �nite automata to compute Post�; for
stack automata, regular expressions or �nite automata are suÆcient to repre-
sent Pre� and Post� [BEF+00]; for Petri nets and parameterized rings, [FO97]
uses regular languages and Presburger arithmetics (and acceleration) for sets.
For Transfer and Reset Petri nets [DFS98], the tool Babylon [Bab] utilizes the
upward closed sets and represents them by Covering Sharing Trees [DRV01], a
variant of BDD; for counters automata, the tool Brain [Bra] uses linear sets
and represent them by their linear bases and periods; for extended counters
automata, the tools Fast [Fas], [FL02], [BFLP03] and Lash [Las] utilize semi-
linear sets and represents them by NDD, moreover, these two tools are able
to accelerate loops [Boi] [FL02]; Mona [Mon] [KMS02] and FMona [BF00] use
formula in WS1S to represent sets; the tool CSL-ALV [BGP97] [Alv] uses linear
arithmetic constraints for sets and manipulates formula with the Omega solver
and the automata library of Lash.
In [BB03], the computation of PreS(X

0) is proved to be polynomial for a complex
subclass of counters systems.
Our results.

1. We introduce SDA as a canonical representation of set of vectors of integers.
Even if SDA have the same expression power than NDD, there exists an
elegant theoretical characterization of the minimal SDA associated with a
set X which is useful for computing the size of the minimal SDA.

2. We show that for counters systems S, the set of immediate predecessors
PreS(X

0) is computable in polynomial time in the size of the SDA that
represents X 0. This result generalizes a recent result of [BB03].

3. We characterize the aÆne functions whose the inverse image of any interval-
de�nable set remains interval-de�nable. Then we prove that the asymptotic
size of the minimal SDA that represents Pre�kS (X 0) is polynomial in k and
exponential in m.

Plan of the paper. Saturated Digit Automata are introduced in section 3 and
compared with NDD. In the next section 4, we de�ne counters systems and
prove that the computation of Pre(X 0) is polynomial in X 0. In the last section

5, the asymptotic size of the minimal SDA representing Pre�kS (X 0) is proved to
be polynomial in k.

2 Preliminaries

The cardinal of a �nite set X is written card(X).
The set of rationals, integers and positive integers are respectively written Q,

Z and N. The set of vectors with m components in a set X is written Xm. The



i-th component of a vector x 2 Xm is written xi 2 X ; we have x = (x1; : : : ; xm).
For any vector v; v0 2 Qm and for any t 2 Q, we de�ne t:v and v + v0 in Qm by
(t:v)i = t:vi and (v + v0)i = vi + v0i. The vector ei 2 N

m is de�ned as (ei)j = 1
if j = i and (ei)j = 0 otherwise.

The set of square matrices of size m in Q is written Mm(Q). A function
f : D ! Nm with D � Nm is aÆne if there exists a square matrix M 2Mm(Q)
and a vector v 2 Qm such that f(x) = M:x + v for every x 2 D. Remark
that rational matrices are needed for representing some aÆne functions like
f : 2:N ! N de�ned by f(x) = x

2 .
The set of words over a �nite alphabet � is written ��. The concatenation

of two words � and �0 in �� is written ��0. The empty word in �� is written �.
A �nite automaton A is a tuple A = (Q;�;�;Q0; F ); Q is the �nite set of

states, � is the �nite alphabet, � � Q���Q is the transition relation, Q0 � Q

is the set of initial states and F � Q is the set of �nal states. The size of a �nite
automaton A is jAj = card(Q). A �nite automaton A is said deterministic if
the set Q0 is reduced to one element Q0 = fq0g and if there exists a function Æ

de�ned over a subset of Q�� into Q such that � = f(q; Æ(q; a)); q 2 Q; a 2 �g.
A deterministic automaton is said complete if the function Æ is de�ned over
the whole set Q � �. A path P in a �nite automaton A from a state q to a
state q0 is a �nite sequence q = q0; (q0; a1; q1); q1; : : : ; (qn�1; an; qn); qn = q0 with
n � 0 such that (qi�1; ai; qi) is a transition in �. The label of P is the word

� = a1 : : : an 2 ��. Such a path is also written q
�
�! q0. The state q0 is said

reachable from q and q is said co-reachable from q0. The language accepted by a
�nite automaton A is L(A) = f� 2 ��; 9q0 2 Q0; 9qf 2 F ; q0

�
�! qfg.

Let us recall the two considered logics:

{ The Presburger logic ([Ber77]) is built with the following formulas:

� :=
X
i2I

ci:vi = cj9v �j8v �j� _ �j� ^ �j:�jtruejfalse

where (ci)i2I is a �nite sequence of N, c 2 N and (vi)i2I , v are in a �nite set
V of variables.

{ The interval logic ([Str98] (a.k.a simple constraint [AAB00]) is de�ned by
the following formulas:

� := vi = cj� _ �j� ^ �j:�jtruejfalse

A set X � Nm is said Presburger-de�nable (resp. interval-de�nable) if it can
be de�ned by a Presburger formula (resp. by a formula in the interval logic).

3 Saturated Digit Automata

Recall that there exist two natural ways in order to associate to a word � a
vector in Nm following that the �rst letter of � is considered as an \high bit" or
a \low bit". In this article, we consider the \low bit" representation (even if the



other one, just seems to be symmetrical, results proved in the paper cannot be
easily extended to the other one).

Let us consider an integer r � 2 called the basis of decomposition and an
integer m � 1 called the dimension of the represented vectors. A digit b is an
element of the �nite alphabet �r = f0; : : : ; r � 1g. In general ([Boi98] [WB00],
[BC96]), a vector in Nm is only associated to words of digits whose the length
is multiple of m. However, as shown in this article, an extension to any word of
any length can be useful.

Like in [Ler03a,Ler03b], function 
� : Nm ! Nm is de�ned by the induction

�:�0 = 
� Æ 
0� and 
b((x1; : : : ; xm)) = (r:xm + b; x1; : : : ; xm�1) for any digit b.
Let us remark that if m divides the length of � = (b1;1 : : : b1;m) : : : (bn;1 : : : bn;m),
then the following equality holds:


�((0; : : : ; 0)) =

nX
i=1

ri�1(bi;1; : : : ; bi;m)

Naturally, the vector �m(�) = 
�((0; : : : ; 0)) is called the vector associated to �.
Thanks to the function �m : ��

r ! Nm , we can now de�ne the Saturated Digit
Automata and the Number Decision Diagrams.

De�nition 1. A Saturated Digit Automaton (SDA) A that represents a set
X � Nm is a deterministic and complete automaton over �r such that L(A) =
��1m (X). Such a set X is called SDA-de�nable.

De�nition 2. A Number Decision Diagram (NDD) A ([Boi98] [WB00]) that
represents a set X � Nm is a deterministic and complete automaton over �r

such that L(A) = ��1m (X) \ (�m
r )�.

Remark 1. NDD also allow to represent vectors in Zm with \high" or \low" bit
�rst representation. Whereas the results proved in this article can be extended
to Zm, an extension to \high" bit �rst representation seems diÆcult.

The following proposition shows that SDA and NDD represent the same sets
of Nm .

Proposition 1. { From any NDD A, we can e�ectively compute in time O(r:jAj)
a SDA A0 that represents the same subset, such that jA0j � jAj.

{ From any SDA A, we can e�ectively compute in time O(r:m:jAj) an NDD
A0 that represents the same subset, such that jA0j � m:jAj

Proof. (Sketch). Let us consider a NDD A that represents a set X . By replacing

the set of �nal states F of A by the set F 0 = fq 2 Q; 9qf 2 F ; q
0�
�! qfg, we

deduce a SDA A0 that represents X .
Now, let us consider a SDA A that represents a setX . As L(A) = ��1(X), the

\synchronized product" of A and the automaton with m states that recognizes
the language (�m

r )� provides a NDD A0 that also represents X .

Remark 2. As any Presburger-de�nable set can be e�ectively represented by a
NDD [WB00], the same result holds for SDA.



We have introduced the class of SDA rather than using the NDD because
the minimal SDA that represents a set X is given by the \residues" of X .

De�nition 3. The set ��1:X = 
�1� (X) is called the residue of X � Nm by
� 2 ��

r .

From 
�1:�2 = 
�1 Æ 
�2 , we deduce the equality ��12 :��11 :X = (�1:�2)
�1:X

that enables us to give the following de�nition.

De�nition 4. Let X � Nm be such that its set of residues Q(X) = f��1:X ; � 2
��
rg is �nite. The deterministic and complete automaton A(X) is de�ned by:

8>>><
>>>:

A(X) = (Q(X); �r; Æ; q0; F )

Æ(q; b) = b�1:q

q0 = X

F = fq 2 Q(X); (0; : : : ; 0) 2 qg

Lemma 1. For any X � Nm and � 2 ��
r , we have �

�1:��1(X) = ��1(��1:X).

Proof. We have w 2 ��1:��1(X) i� �:w 2 ��1(X) i� �(�:w) 2 X i� 
�(�(w)) 2
X i� �(w) 2 ��1:x i� w 2 ��1(��1:X). ut

The following theorem is really important because it proves that the structure
of the minimal SDA that represents a set X can be obtained just by studying
the set of residues of X .

Theorem 1. A set X � Nm is SDA-de�nable if and only if its set of residues is
�nite. Moreover, in this case, A(X) is the unique minimal SDA that represents
X.

Proof. Assume that Q(X) is a �nite set. We are going to show that A(X)
is a SDA that represents X by proving that L(A(X)) = ��1(X). We have
� 2 L(A(X)) i� (0; : : : ; 0) 2 ��1:X = 
�1� (X). Therefore � 2 L(A(X)) i�
�(�) = 
�((0; : : : ; 0)) 2 X . Hence, we have proved that L(A(X)) = ��1(X). In
particular �(L(A(X))) = X and ��1(�(L(A(X)))) = L(A(X)). We have proved
that A(X) is a SDA that represents X .

Now, assume that X is SDA-de�nable and let us prove that Q(X) is �nite.
The language L = ��1(X) is regular. As the minimal deterministic and complete
automaton that recognizes L is unique, there exists a unique minimal SDA that
represents X . Recall that the set of states of this minimal automaton is given
by f��1:Lg. From lemma 1, we deduce that Q(X) = f�(��1:L)g. Therefore,
Q(X) is �nite and by uniqueness of the minimal automaton, A(X) is the unique
minimal SDA that represents X . ut

Remark 3. Find a theorem equivalent to the previous one for the class of NDD
seems diÆcult.



4 Polynomial time computation of PreS(X
0)

For counters systems S, the computation of the set of immediate predecessors
PreS(X

0) for the SDA representation, is proved to be polynomial in time.

De�nition 5. A saturated digit automaton A represents a function f : Nm !
Nm if it represents the following set of N2m :

f(x1; x
0
1; : : : ; xm; x

0
m); (x

0
1; : : : ; x

0
m) = f((x1; : : : ; xm))g

Naturally, a function f is said SDA-de�nable if there exists a saturated digit
automaton that represents f .

Remark 4. The previous de�nition can be extended to binary relation.

De�nition 6. A counters system S is a tuple S = (Nm ; �; (fa)a2�) where � is
a �nite set of actions and fa : N

m ! Nm is a SDA-de�nable function.

Remark 5. In practice, the function fa is given by Presburger formula. However,
remark 2 shows that any Presburger de�nable set is SDA-de�nable.

The set of immediate predecessors ofX 0 � Nm is naturally de�ned by PreS(X
0) =S

a2� f�1a (X 0).

Remark 6. Any counter automaton can be \simulated" by a counter system just
by added another counter bounded by the number of control states.

The size jSj of an e�ective counters system S represented by a sequence of
SDA (Aa)a2� is jSj =

P
a2� jAaj.

Theorem 2. Let g : Nm ! Nm and X 0 � Nm be represented respectively by the
SDA Af and by the SDA A0. The set g�1(X 0) can be e�ectively represented by
a SDA in time O(r:(jA0j+ 1)jA

gj).

Proof. Let us denote by Q
g
? the set of states qg 2 Qg such that there does

not exist a path from qg to a �nal state. Symmetrically, we de�ne Q0
?. Let

K = (Qg
?�Q0)[(Qg�Q0

?). We are going to prove that the following automaton
A = (Q;�r; Æ; fq0g; F ) is a SDA that represents g�1(X):

8>>>><
>>>>:

Q = P(Q0 �Qg)

Æ(q; b) = f(Æ0(q0; b0); Æg(qg ; bb0)); (q0; qg) 2 q; b0 2 �rgnK

q0 = f(q00; q
g
0)gnK

F = fqf 2 Q; 9q 2 Q; q \ (F 0 � F g) 6= ;; qf
0�
�! qfg

Let us prove that the number of reachable states of A is bounded by (jQ0j+1)jQ
gj.

Let q be a reachable state of A and let us prove that for any (q01; q
g) and (q02; q

g)
in q, we have q01 = q02. There exists a sequence b1; : : : ; bn in �r such that q =



Æ(q0; b1 : : : bn). By de�nition of A, there exists two sequences b01;1; : : : b
0
n;1 and

b01;2; : : : ; b
0
n;2 in �r such that

8>>><
>>>:

qg = Æg(qg0 ; b1b
0
1;1 : : : bnb

0
n;1)

qg = Æg(qg0 ; b1b
0
1;2 : : : bnb

0
n;2)

q01 = Æ0(q00; b
0
1;1 : : : b

0
n;1)

q02 = Æ0(q00; b
0
1;2 : : : b

0
n;2)

As (qg ; q01) is not in K, we have qg 62 Q
g
?. So, there exists a word � 2 ��

r

and a �nal state q
g
f 2 F g such that qg

�
�! q

g
f is an accepting path in Ag . As

A
g is a SDA, by replacing � by �:0, we can assume that j�j is even. We have

� = bn+1b
0
n+1 : : : bkb

0
k where bi; b

0
i 2 �r. Let x

0
1 x

0
2 and x be the vectors in Nm

de�ned by: 8><
>:

x01 = �m(b
0
1;1 : : : b

0
n;1b

0
n+1 : : : b

0
k)

x02 = �m(b
0
1;2 : : : b

0
n;2b

0
n+1 : : : b

0
k)

x = �m(b1 : : : bk)

As b1b
0
1;1 : : : bnb

0
n;1bn+1b

0
n+1 : : : bkb

0
k and b1b

0
1;2 : : : bnb

0
n;2bn+1b

0
n+1 : : : bkb

0
k are two

accepted words in L(Ag), we have x01 = g(x) = x02. As b
0
1;1 : : : b

0
n;1b

0
n+1 : : : b

0
k

and b01;2 : : : b
0
n;2b

0
n+1 : : : b

0
k are two words with the same length that represent the

same vector x01 = x02, we have b
0
1;1 : : : b

0
n;1b

0
n+1 : : : b

0
k = b01;2 : : : b

0
n;2b

0
n+1 : : : b

0
k. In

particular, we have proved that q01 = Æ0(q00; b
0
1;1 : : : b

0
n;1) = Æ0(q00; b

0
1;2 : : : b

0
n;2) = q02.

Therefore, the number of reachable states of A is bounded by (jQ0j+ 1)jQ
gj.

Now, let us prove that L(A) � ��1m (g�1(X)). Consider an accepting path

q
w
�! qf in A. There exists a path qf

0i
�! q such that q \ (F 0 � F g) 6= ;. Let us

decompose the word w:0i as a sequence of digits w:0i = b1 : : : :bn. There exists
a word b01 : : : b

0
n such that b1b

0
1 : : : bnb

0
n 2 L(A

g) and such that b01 : : : b
0
n 2 L(A

0).
Let x = �m(b1 : : : bm) and x0 = �m(b

0
1 : : : b

0
m). Remark that �2:m(b1b

0
1 : : : bnb

0
n) =

(x1; x
0
1; : : : ; xm; x

0
m). Therefore x

0 = g(x). Moreover, from b01 : : : b
0
n 2 L(A

0), we
deduce x0 2 X 0. So x 2 g�1(X). As �m(w) = �m(w:0

i) = �m(b1 : : : bn), we have
proved w 2 ��1m (g�1(X)).

Finally, let us prove that ��1m (g�1(X)) � L(A). Consider w 2 ��1(g�1(X 0))
and let x = �m(w) and x0 = g(x). There exists a word � 2 L(Ag) such that
�2:m(�) = (x1; x

0
1; : : : ; xm; x

0
m). As A

g is a SDA, we can replace � by �:0j for any
j � 0. In particular, j�j can be assumed even and greater than 2:jwj. Let us write
� = b1b

0
1 : : : bnb

0
n such that bi; b

0
i 2 �r and remark that x = �m(b1 : : : bn) and

x0 = �m(b
0
1 : : : b

0
n). Hence q0

b1:::bn����! q is a path inA such that q\(F 0�F g) 6= ;. As
�m(b1 : : : bn) = �m(w) and jwj � n, there exists i � 0 such that b1 : : : bn = w:0i.
By de�nition of F , we have w 2 L(A). ut

Corollary 1. Let S be a counters system. The minimal SDA A(PreS(X
0)) is

computable in polynomial time in function of A(X 0).

Proof. Just remark that PreS(X
0) =

S
a2� f�1a (X 0). By using an Hopcroft al-

gorithm [Hop71], we can compute the minimal SDA A(PreS(X
0)) from a SDA

A that represents PreS(X
0) in time O(jAj: ln(jAj)). ut



The previous corollary shows that A(PreS(X
0)) can be computed in polyno-

mial time in the size of A(X 0) for counters system S. Remark that the complexity

is also exponential in jSj. However, in the computation of Pre�kS (X 0), the size
jSj does not depend on k. Moreover, in practice, the size of S is small compared
to the size of A(X 0).

Remark 7. In the case of the computation of the immediate successors PostS(X) =S
a2� fa(X), the number of states of A(PostS(X)) can be exponential in the

number of states of A(X). This exponential blow up provides from the fact that
f(X) correspond to a \projection" for the function f : Nm ! Nm de�ned by
f(x1; : : : ; xm) = (0; x2; : : : ; xm) ([Ler03b]).

5 Asymptotic size of Pre�k
S
(X 0)

The polynomial time computation of PreS(X
0) is a �rst step to be able to ef-

�ciently compute the set of predecessors in k steps. If each step multiplies the
size of the SDA by 2, after k steps, the size of the SDA that represents the set
of predecessors is greater than 2k. In this section, we give suÆcient conditions
such that this exponential blow up cannot appear.

De�nition 7. A counters system S is aÆne if for any a 2 �, there exists an
aÆne function fa : Da ! Nm , Da � Nm , such that xRax

0 i� x0 = fa(x).

Precisely, we show that if Da and X 0 are de�nable in the interval logic (al-
most all the counters systems studied in practice, satisfy this condition [Str98],

[Del00], [BB02], [FS01], [FL02]), the asymptotic size in k of A(Pre�kS (X 0)) is
polynomial in k.

The size of A(X) is �rst bounded in the granularity of the set X de�ned as
bellow.

De�nition 8. The granularity of an interval-de�nable set X is the least integer
gran(X) � 0, such that X is the set of vectors accepted by a formula in the
interval logic with c < gran(X):

� := vi = cj� _ �j� ^ �j:�jtruejfalse

Proposition 2. For any interval-de�nable set X, we have:

jA(X)j � (r:gran(X))m + 23
m

Proof. Recall that the size of the SDA A(X) is equal to the number of elements
in f
�1� (X); � 2 ��

rg. We �rst prove that for any word � 2 (�m
r )� and for any

interval-de�nable set X such that rj�j=m � gran(X), the granularity of 
�1� (X)
is bounded by 1. Next, we show that there exists at most 23

m

interval-de�nable
sets whose the granularity is bounded by 1. Finally, from these two results, we
prove the proposition.



So, let us �rst consider � 2 (�m
r )� and an interval-de�nable set X such

that rj�j=m � gran(X) and let us prove that gran(
�1� (X)) � 1. Remark that if
gran(X) = 0 then X = Nm or X = ;. As in these two cases, we have jA(X)j = 1,
we can assume that gran(X) � 1. From 
�1� (X \ Y ) = 
�1� (X) \ 
�1� (Y ),

�1� (NmnX) = Nmn
�1� (X), we can assume that there exists i 2 f1; : : : ;mg such
that X = fx 2 Nm ; xi = gran(X)�1g. We have 
�1� (X) = fx 2 Nm ; (
�(x))i =

gran(X)� 1g = fx 2 Nm ; xi = cg where c = gran(X)�1��m(�)
rj�j=m

< 1. Remark that
if c 62 N then 
�1� (X) = ; and if c 2 N then c = 0. In these two cases, we have
proved that gran(
�1� (X)) � 1.

Next, let us prove that there exists at most 23
m

interval-de�nable sets X
such that gran(X) � 1. Remark that such a set is a �nite union of sets de�ned
by a formula of the form

V
i2I (xi = 0)

W
i02I0(xi0 6= 0) where I; I 0 � f1; : : : ;mg

and I \ I 0 = ;. So, there exists at most 23
m

interval-de�nable sets whose the
granularity is bounded by 1.

Finally, let X be an interval-de�nable set such that gran(X) � 1 and consider
k � 0 such that rk � gran(X) � rk�1. The number of states of A(X) is bounded

by
Pm:k�1

i=0 ri + 23
m

� (r:gran(X))m + 23
m

. ut

Next, we characterize the aÆne function f such that the inverse image of an
interval-de�nable set remains interval-de�nable.

De�nition 9. Let X be a subset of Nm , n � 0 and I � f1; : : : ;mg, the set XI;n

is de�ned by:

XI;n = fx 2 X ; 8i 2 I; xi = n; 8i 62 I; xi < ng

Proposition 3. For any interval-de�nable set X and for any n � gran(X), we
have:

X =
[

I�f1;:::;mg

XI;n +
X
i2I

N:ei

Proof. Let us consider a formula � in the logic � := vi = cj�_�j�^�j:�jtruejfalse
such that c < gran(X) and such that the set of vectors satisfying � is equal to
X . By developing �, we can assume that � is a �nite disjunction of formula of
the form

V
j2J6=

(vj 6= cj)
V
j2J=

(vj = cj) where J6= \ J= = ; and cj < gran(X).

Remark that we can assume that � =
V
j2J6=

(vj 6= cj)
V
j2J=

(vj = cj) to prove
the proposition.

Let x 2 X and let us prove that x 2
S
I�f1;:::;mgXI;n +

P
i2I N:ei. Let us

consider the set I = fi 2 f1; : : : ;mg; xi � ng. As for any j 2 J=, we have
xj = cj < gran(X), we deduce I � f1; : : : ;mgnJ=. Let us consider the vector
y 2 Nm de�ned by yi = n if i 2 I and yi = xi otherwise. As x satis�es �,
the vector y also satis�es �. Therefore y 2 XI;n. From x 2 y +

P
i2I N:ei, we

deduce the inclusionX �
S
I�f1;:::;mgXI;n+

P
i2I N:ei. Let us prove the converse

inclusion. Let x 2
S
I�f1;:::;mgXI;n +

P
i2I N:ei. There exists I � f1; : : : ;mg

such that x 2 XI;n +
P

i2I N:ei. Let y 2 XI;n such that x 2 y +
P

i2I N:ei.
As y 2 XI;n � X , y satis�es �. As for any i 2 I , we have yi = n, we have



I � f1; : : : ;mgnJ=. From x 2 y +
P

i2I N:ei, we deduce that x satis�es �.
Therefore x 2 X . ut

Proposition 4. Let f : D ! Nm with D � Nm be an aÆne function. The two
following assertions are equivalent:

{ D is interval-de�nable.
{ For any interval-de�nable set X 0, f�1(X 0) is interval-de�nable.

Moreover, in this case, we have gran(f�1(X 0)) � gran(X 0) + gran(D).

Proof. Remark that if f�1(X 0) is interval-de�nable for any interval-de�nable
set X 0, then in particular, as Nm is interval-de�nable, the de�nition domain
D = f�1(Nm ) is also interval-de�nable. So let us consider an aÆne function
f : D ! Nm such that D � Nm is interval-de�nable and let X 0 be an interval-
de�nable set. We �rst prove that we can assume that gran(X 0) � 1. In fact, if
gran(X 0) = 0, then X 0 = ; or X 0 = Nm . In the �rst case, we have f�1(X 0) = ;
and the set f�1(X 0) is an interval-de�nable set such that gran(f�1(X 0)) =
0 � gran(X 0) + gran(D) and in the second case, we have f�1(X 0) = D and
the set f�1(X 0) is interval-de�nable and verify gran(f�1(X 0)) = gran(D) �
gran(X 0) + gran(D). So, we can assume that gran(X 0) � 1.

As f is an aÆne function, there exists a square matrix M 2 Mm(Q) and a
vector v 2 Qm such that f(x) = M:x + v for any x 2 D. Proposition 3 shows
that the sets X 0 and D can be decomposed as follow where DI = DI;gran(D) and
X 0
I = X 0

I;gran(X0):

D =
[

J�f1;:::;mg

DJ +
X
j2J

N:ej

X 0 =
[

I�f1;:::;mg

X 0
I +
X
i2I

N:ei

We have:

f�1(X 0)

=
[

J�f1;:::;mg

fx 2 DJ +
X
j2J

N:ej ; f(x) 2 X 0g

=
[

J�f1;:::;mg

[
d2DJ

d+ fx 2
X
j2J

N:ej ; f(d) +M:x 2 X 0g

=
[

J � f1; : : : ;mg
I � f1; : : : ;mg

[

d 2 DJ

x0 2 X 0
I

d+ fx 2
X
j2J

N:ej ; f(d) +M:x 2 x0 +
X
i2I

N:eig

Let us consider a subset J such that DJ is not empty. In this case let us consider
d 2 DJ and remark that for every j 2 J , we have d + N:ej � D. Therefore
f(d) + N:M:ej � Nm . So, for every j 2 J and for every i 2 f1; : : : ;mg we have
Mij � 0.



Now, let us consider a subset I such that X 0
I is not empty and consider

x0 2 X 0
I . Remark that we have just to prove that the following set is interval-

de�nable and has a granularity bounded by gran(X 0):

fx 2
X
j2J

N:ej ; f(d) +M:x 2 x0 +
X
i2I

N:eig

=

\
i 62I

fx 2
X
j2J

N:ej ; f(d)i +
X
j2J

Mij :xj = x0ig

\
i2I

\
ci2f0;:::;x0

i�1g

fx 2
X
j2J

N:ej ; f(d)i +
X
j2J

Mij :xj 6= cig

Remark that for every i 62 I , we have x0i�f(d)i < gran(X 0) and for any i 2 I and
for any ci 2 f0; : : : ; x0i� 1g, we have ci� f(d)i < x0i = gran(X 0). Let us consider
the sequence (�j)j2f1;:::;mg in N de�ned by �j = Mij if j 2 J and �j = 0
otherwise. We have just to prove that for every k < gran(X 0) the following set
is interval-de�nable and has a granularity bounded by gran(X 0):

fx 2
X
j2J

N:ej ;
X
j2J

�j :xj = kg =

0
@X

j2J

N:ej

1
A \ fx 2 Nm ;

mX
j=1

�j :xj = kg

The granularity of the set
P

j2J N:ej is bounded by 1 and as gran(X 0) � 1,
we have just to prove that for any sequence (�j)j2f1;:::;mg in N and for any
k < gran(X 0), the following set has a granularity bounded by gran(X 0):

fx 2 Nm ;
mX
j=1

�j :xj = kg

Let us consider the set J 0 = fj 2 f1; : : : ;mg; �j � 1g and let Y = fy 2
Nm ; 8j 62 Jyj = 0;

Pm
j=1 �j :yj = kg. Remark that for any y 2 Y and for

any i 2 f1; : : : ;mg, we have yj � k. Therefore Y is �nite. Moreover, from
fx 2 Nm ;

Pm
j=1 �j :xj = kg = Y +

P
j 62J0 N:ej , we are done. ut

We can now bound the asymptotic size of A(Pre�kS (X 0)) in function of k.

Theorem 3. Let S be an aÆne counters system with interval-de�nable de�ni-
tion domains and let X 0 be an interval-de�nable set. The asymptotic size in k

of Pre�kS (X 0) is in O(km).

Proof. Let cS = maxa2� gran(Da). From proposition 4, we deduce that for an
interval-de�nable setX 0, the set PreS(X

0) is interval-de�nable and gran(PreS(X
0)) �

gran(X 0)+cS . Therefore gran(Pre
�k
S (X 0)) � c0+k:cS where c0 = gran(X 0). From

the proposition 2, we deduce jA(Pre�kS (X 0))j � (r:(c0 + cS :k))
m + 23

m

. ut

Corollary 2. Let S be an aÆne counters system with interval-de�nable de�ni-
tion domains and X 0 be an interval-de�nable set. We can compute in polynomial
time in k the minimal SDA A(Pre�kS (X 0)).



Remark 8. When the sets Da and X 0 are upward closed (an upward closed set

X is a subset of Nm such that X+Nm = X), the sequence Pre�kS (X 0) converges
as any increasing sequence of upward closed sets.

Remark 9. The bound O(km) follows directly from proposition 2. In the proof
of these proposition, we have assumed that no sharing appears in the SDA
representing an interval-de�nable set. However, in practice, SDA are like BDD
and the asymptotic size of A(Pre�kS (X 0)) is in O(m: ln(k)) rather than O(km).

When the sets Da and X
0 are just Presburger-de�nable, the following propo-

sition 5 shows that the asymptotic size in k of A(Pre�kS (X 0)) may be exponential.

Proposition 5. Let S = (N2 ; fag; (fa)) where fa(x1; x2) = (r:x1; x2) over Da =
N2 , and let X 0 = f(x01; x

0
2) 2 N

2 ; x01 = x02g. For any integer k � 0, we have:

jA(Pre�kS (X 0))j � rk�1

Proof. Let Xi be the subset of N
m de�ned for any i � 0 by Xi = f(x; ri:x); x 2

Ng. We have Pre�kS (X 0) =
Sk
i=0Xi. Assume by contradiction that there exists a

SDA A = (Q;�r; Æ; fq0g; F ) that represents Pre
�k
S (X 0) and such that card(Q) <

rk�1. Let us consider the �nite language L = (00 + � � � + (r � 1)0)k�110. For
any word � 2 L, we have Æ(q0; �) 2 Q. As card(Q) < rk�1 = card(L), there
exist two words � 6= �0 in L such that Æ(q0; �) = Æ(q0; �

0). Let y; y0 2 N such
that �2(�) = (y; 0) and �2(�

0) = (y0; 0). We have y; y0 2 frk�1; : : : ; rk � 1g.
Let us consider a word w 2 ��

r such that �2(w) = (0; y). From �2(�:w) =
�2(�) + rk :�2(w) = (y; rk :y), we deduce that �2(�:w) 2 Xk. As A is a SDA that

represents
Sk
i=0Xi, we have proved that �:w 2 L(A). From Æ(q0; �) = Æ(q0; �

0),

we deduce that �0:w 2 L(A). Therefore (y0; rk:y) = �2(�
0:w) 2

Sk
i�0Xi. There

exists i 2 f0; : : : ; kg such that (y0; rk:y) 2 Xi. We have rk:y = ri:y0. From
y � rk�1 and y0 < rk, we deduce i > k � 1. Hence i = k and we have proved
that y = y0. As � and �0 have the same length and as �2(�) = �2(�

0), we have
� = �0. We have a contradiction. ut
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[FL02] Alain Finkel and J�erôme Leroux. How to compose Presburger-accelerations:

Applications to broadcast protocols. In Proc. 22nd Conf. Found. of Software
Technology and Theor. Comp. Sci. (FST&TCS'2002), Kanpur, India, Dec.
2002, volume 2556 of Lecture Notes in Computer Science, pages 145{156.
Springer, 2002.

[FMP99] Alain Finkel, Pierre McKenzie, and Claudine Picaronny. A well-structured
framework for analysing Petri nets extensions. Research Report LSV-99-2,
Lab. Speci�cation and Veri�cation, ENS de Cachan, Cachan, France, Febru-
ary 1999.

[FO97] Laurent Fribourg and Hans Ols�en. Proving safety properties of in�nite state
systems by compilation into Presburger arithmetic. In Proc. 8th Int. Conf.
Concurrency Theory (CONCUR'97), Warsaw, Poland, Jul. 1997, volume
1243 of Lecture Notes in Computer Science, pages 213{227. Springer, 1997.

[FPS00] Alain Finkel, S. Purushothaman Iyer, and Gr�egoire Sutre. Well-abstracted
transition systems. In Proc. 11th Int. Conf. Concurrency Theory (CON-
CUR'2000), University Park, PA, USA, Aug. 2000, volume 1877 of Lecture
Notes in Computer Science, pages 566{580. Springer, 2000.

[FS01] Alain Finkel and Phillipe Schnoebelen. Well structured transition systems
everywhere! Theoretical Computer Science, 256(1{2):63{92, 2001.

[Hop71] John E. Hopcroft. An n log n algorithm for minimizing the states in a �nite-
automaton. In Z. Kohavi, editor, Theory of Machines and Computations,
pages 189{196. Academic Press, 1971.

[KMS02] Nils Klarlund, A. M�ller, and M. I. Schwartzbach. MONA implementation
secrets. Int. J. of Foundations Computer Science, 13(4):571{586, 2002.

[Las] Lash homepage. http://www.monte�ore.ulg.ac.be/ boigelot/research/lash/.
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